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ABSTRACT 

In this paper, we have considered a quasi-differential expressions		� of order � with complex coefficients and its 

formal adjoint ��on[0, �) respectively. We have shown in the case of one singular end-point and under suitable conditions 

on the integrand function 
 ��, 
, 
[��, … , 
[��, ��
)�that all solutions of integroquasi-differential equation [� − ���
��) =
�
	are bounded and ��� −bounded on[0, �)provided that all solutions of the equation �� − ��)
 = 0		and its formal 

adjoint��� − ���� = 0		possess the same property, where ��
) is the Sumudu transform of the function
. 
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1. INTRODUCTION  

The problem that all solutions of a perturbed linear differential equation belong to ��� �0,∞) assuming the fact that 

all solutions of the unperturbed equation possess the same property considered by Wong,Zettland Everitt[1- 4]. In [5,6] S. 

E. Ibrahim extended their results for a general quasi-differential expression � of arbitrary order � with complex 

coefficients, and considered the property of boundedness of solutions of a general integro quasi-differential equation 

�[
� − ��
 = � ��, 
)��!ℂ)on[0, �) ,          (1.1) 

where ��, 
)satisfies 

| ��, 
)| ≤ %��) + ℎ��)|
��)|( ,			�![0, �)for someσϵ	[0,1�, 
provided that all solutions of the equations: 

��– ���+ = 0				and	���– ���� = 0		��!ℂ),    (1.2) 

and their quasi-derivatives are in the space��� �0, �) . 
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Our objective in this paper is to extend the results in [1 - 6] to more general class of integroquasi-differential 

equation in the form: 

[� − ���
��) = �
[�, 
, 
[��, … , 
[��, ��
)� on[0, �),         (1.3) 

where
[�, 
, 
[��, … , 
[��, ��
)� satisfies 

,
[�, 
, 
[��, … , 
[��, ��
)�, ≤ %��) + ℎ��) ∑ ,��
)
[.�,σ�./0 , � ∈ [0, �), 0 < � ≤ ∞																																																	(1.4) 

for some σϵ[0,1�, %��), ℎ��) are non-negative continuous functions on[0, �)and ��
) is the Sumudu transform 

of the function
. Also, we prove under suitable conditions on the function 
 that, all solutions of the equation (1.3) are 

bounded and ��� − bounded on the interval [0, �)provided that all solutions of the equation �� − ��)
 = 0		and its formal 

adjoint ��� − ���� = 0		possess the same property, where�� is the formal adjoint of�. 
2. SumuduTransform and Some Technical Lemmas 

 The Sumudu transform method (STM) was in part re-initiated in 1993 by Watugala [7-9]who used it to solve 

engineering control problems. The first application of the inverse formula was done by Weerakoon [10]. Sumudu 

transformbased solutions to convolution type integral equations and discrete dynamic systems were later obtained by Asiru 

[11-13]. Subsequently, it expanded to two variables in [14].  

Definition 2.1 (cf. [7-14]): The Sumudu transform is defined for possibly bilateral functions in the set, 

4 = { ��)⃓∃8, ��, �� > 0, | ��)| < 8: |;|;< ,		if� ∈ �−1). × [0,∞)},     (2.1) 

by the following integration,  


�+) = �[ ��)� = ?  �+�):@A∞0 B�, + ∈ �−��, ��).       (2.2) 

Remark: Note that by considering for instance,  ��) = :A ,then �+�) = :CA and hence,the Sumudu transform (Right side, t 

is non-negative) of the function   is then,  

�[ ��)� = D :CA:@A∞

0 B�,												 
									= limH→∞D :CA:@AH

0 B� 
								= limH→∞D :�C@�)AH

0 B� 
= limH→∞ J�KLM);C@� ⃓0H = ��@C ,			0 ≤ + < 1.        (2.3) 

If+ ≥ 1, then the previous integral will be divergent. 

The Sumudu transform of the first derivative of the function  ��),  ′��) = B ��) B�⁄ is given by: 

S QRS�A)RA T = MK[
�+) −  �0)�.           (2.4) 

The Sumudu transform of the second derivative of  ��), 		 ′′��) = B� ��) B��⁄ is given by: 
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S QRUS�A)RAU T = MKU Q
�+) −  �0) − + RS�A)RA ⃓A/0T.          (2.5) 

Theorem 2.2 (cf. [14]): If 
�+) is Sumudu transform of  ��), then the Sumudu transform of any integer n-order derivative 

of  ��), 	 ��)��) = B� ��) B��		⁄ is given by: 

S QRVS�A)RAV T = CLV Q
�+) −  �0) − ∑ +W�@�W/0 RXS�A)RAX ⃓A/0T.        (2.6) 

In the sequel we shall require the following nonlinear integral inequality which generalizes those integral 

inequalities used in [1- 6] and [15 - 22]. 

Lemma 2.3: Gronwall, s Inequality (cf. [1-6] and [15-17]): Let +��) and ���) be two non-negative continuous functions 

on the interval 	� = [0, �), Y ≥ 0		be a constant. The classical Gronwall,s inequality states that: if  

+��) ≤ Y +	D ��Z)+�Z)B[A
0 ,													0 ≤ � ≤ 1.	 

Then  

+��) ≤ Y exp �? ��Z)BZA0 � BZ. 0 ≤ � ≤ 1.       (2.7) 

Lemma 2.4: (cf. [1-6] and [21, 22]): Let +��) and ���) be two non-negative continuous functions and locally integrable 

on the interval� = [0, �), _ϵ	[0,1�.		Then the inequality  

+��) ≤ Y0 +	D ��Z)+σ�Z)B[A
0 ,							Y0 > 0.	 

For	0 ≤ _ < 1,		implies that 

+��) ≤ ��Y0)��@() + �1 − _) ? ��Z)BZA0 � M�ML`) BZ.       (2.8) 

In particular, if	��Z) ∈ ���0, �),		then (2.8) implies that +��) is bounded. 

Lemma 2.5: (cf. [1-6], [21, 22]): Let +��), a��), b��) and ℎ��) be non-negative continuous functions defined on the 

interval� = [0, �) and suppose that the inequality 

 +��) ≤ a��) + b��) �? +��Z)ℎ�Z)B[A0 �MUfor	� ≥ 0	. 
Then 

 +��) ≤ a��) + b��) �? 2a��Z)ℎ�Z):[de? 2b��[)ℎ�[)B[f0 gBZA0 �MU, for		� ≥ 0.    (2.9) 

3. Quasi-Differential Expressions 

The quasi-differential expressions are defined in terms of a Shin-Zettl matrix 4 on an interval �. The set h���) of 

Shin-Zettl matrices on �		consists of � × �-matrices 4 = {ijf} whose entries are complex-valued functions on � which 

satisfy the following conditions: 

ijf!�klm� ��),												�1 ≤ n, Z ≤ �, � ≥ 2) 
ij,j�� ≠ 0,																	a. e., on		�,				�1 ≤ n ≤ � − 1)       (3.1) 
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ijf = 0,	a. e., on		�,				�2 ≤ n + 1 < Z ≤ �). 
For4!h���),the quasi-derivatives associated with 4 are defined by:  


[0� ∶= 
,	 

[j� ∶= 	 � j,j��)@� q�
[j@���′ − ∑ ijfjf/� 
[f@��r,�1 ≤ n ≤ � − 1),     (3.2) 

																
[�� ∶= 	 s�
[�@���′ −t i�f�
f/� 
[f@��u,	 

where the prime ′ denotes differentiation . 

The quasi-differential expression � associated with 4 is given by 

 �[. � ≔ w�
[��,					�� ≥ 2),          (3.3) 

this being defined on the set : 

x��) ≔ y
:	
[j@��!4{klm��),							n = 1,2, … , �|,	 
where	4{klm��),denotes the set of functions which are absolutely continuous on every compactsubinterval of 	�.  
The formal adjoint		��of� is defined by the matrix 4� given by: 

��[. � ≔ w�
�[��,				for all					
!x���),        (3.4) 

x���) ≔ q
:	
�[j@��!4{klm��), n = 1,2, … , �r, 
where	
�[j@��, the quasi-derivatives associated with the matrix4� inh���),  

4� =	 �ijf)�	 = �−1)j�f��	i�@f��,�@j��			,        (3.5) 

for each r and s . 
Note that:�4�)� = 	4 andso���)� = 	�	. We refer to [4 -6], [15] and [18-20] for a full account of the above and 

subsequent results on quasi-differential expressions. 

For		u	!x��) , �!x���)and	�, �!� , we have the Green's formula 

? q��[+� − +��[��rH� B[ = 	 [+, ����) − [+, ���i),       (3.6) 

where 

[+, ���[) = w� �t�−1)j�f��	+[j��[)��[�@j@��	�[)�@�
j/0 � 

																	= �−w)��+, +[��, … , +[�@��� × ��×� × � �⋮��[�@����[);      (3.7) 

see [1], [5, 6], [15] and [20]. 
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Let the interval � have end-points 	i,��−∞ ≤ i < � ≤ ∞),and let � ∶ � → ℝ		be a non-negative weight function 

with �!�klm� ��)and � > 0 (for almost all [!�). Then � = ��� ��)denotes the Hilbert function space of equivalence classes 

of Lebesgue measurable functions such that?��| |� < ∞; the inner-product is defined by: 

� , b) ≔ ?� �[)b�[)B[	� , b!��� ��).	        (3.8) 

The equation  

�[+� − ��+ = 0��!ℂ)���,	         (3.9) 

is said to be regular at the left end-pointi!ℝ, if for all �!	�i, �),i!ℝ, �,  jf!���i, �), �n, Z = 1,2, … , �). 
Otherwise (3.9) is said to be singular at	i	. If (3.9) is regular at both end-points, then it is said to be regular; in this case, 

we have 

i, �!ℝ,				�,  jf!���i, �),			�n, Z = 1,2, … , �). 
We shall be concerned with the case when i is a regular end-point of (3.9), the end-point �being allowed to be 

either regular or singular. Note that, in view of (3.5), an end-point of � is regular for (3.9), if and only if it is regular for the 

equation 

��[�� − ��� = 0	��!ℂ)		on			�.	         (3.10) 

Note that, at a regular end-pointi, say,+[j@���i)���[j@��i)�,n = 1,2, … , � is defined for all 	+!x��)��!x���)�.  
Denote by ���) and ����) the sets of all solutions of the equations 

��– �0��+ = 0				and���– �0�)� = 0        (3.11) 

respectively, and let �j��) = y
[j�:		��– �0�)
 = 0, n = 1,2, … , � − 1| denotethe set of all quasi-derivatives of solutions of 

the equation ��– �0�)+ = 0.Let �W��, �), % = 1,2, … , �be the solutions of the homogeneous equation 

��– ���+ = 0	��!ℂ),          (3.12) 

satisfying 

��[W@����0, �) = �W,j��for all�0![i, �),																						�	�, % = 1,2, … , �, n = 0,1, … , � − 1), 
for fixedt0, i < �0 < �. Then ��[j���, �) is continuous in ��, �) for i < � < �, |λ| < ∞,and for fixed � it is entire in λ.Let 

	�W���, �),			% = 1,2, … , �		denote the solutions of the adjoint homogeneous equation 

���– ���� = 0	��!ℂ),          (3.13) 

satisfying 

��W�)[j���0, �) = �−1)W�j�W,�@jfor all �0![0, �), �	% = 1,2, … , �, n = 0,1, … , � − 1). 
Suppose0 < Y < �.By [5, 6] and [15], a solution of the equation 

��– ��)+ = � ��!ℂ),  !��� �0, �),        (3.14) 
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satisfying+[j��Y) = 0,			n = 0,1, … , � − 1is giving by  

���, �) = ��� − �0) w�⁄ )t ��W�
�,W/� ����, �)D �W��Z, �)A

�  �Z)��Z)BZ,	 
where�W���, �)stands for the complex conjugate of �W��, �) and for each �, %, ��W is constant which is independent of �,λ 

(but does depend in general on �). 
The next lemma is a form of the variation of parameters formula for a general quasi-differential equation is giving 

by the following Lemma. 

Lemma 3.1: (cf. [5, 6, 15]): Suppose	 !��� �0, �) locally integrable function and ���, �)is the solution of the equation 

(3.14) satisfying: 

�[j���0, �) = �j��				for	n = 0,1, … , � − 1,�0![0, �). 
Then 

���, �) = ∑ ����)����, �0)��/� + ��� − �0)/w�)∑ ��W����, �0)��,W/� ? �W��Z, �0)A�  �Z)��Z)BZ.   (3.15) 

for some constantsα��λ),α��λ), … ,α��λ)ϵℂ,		where φ��t, �0) and �W��Z, �0), �, % = 1,2, … , �	are solutions of the 

equations in (3.11) respectively,��W is a constant which is independent of 	�. 
Proof: The proof is similar to that in [5,6], [15] and [18-20] for more details. 

Remark:Lemma 3.1contains the following lemma as a special case. 

Lemma 3.2: Suppose  !��� �0, �) locally integrable function and φ�t,λ) is the solution of the equation (3.14) satisfying: 

�[j���0, �) = �j��forn = 0,1, … , � − 1,�0![i, �). 
Then 

															�[j���, �) = ∑ ����)��[j���, �0)��/� + �.V �� − �0) ∑ ��W��[j���, �0)��,W/� ? �W���, �0)A�  �Z)��Z)BZ,  (3.16) 

for		n = 0,1, … , � − 1. 

Proof: The proof follows from Lemma 3.1 and on applying the nA� quasi-derivatives on both sides of the equation (3.15). 

We refer to [4 -6] and [15-18] for more details.  

Lemma 3.3: Suppose that for some λ0ϵℂall solutions of the equations in (3.11) are in ��� �0, �).Then all solutions of the 

equations (3.12) and (3.13) are in ��� �0, �)for every complex number λϵℂ. 
Proof: The proof is similar to that in [4 - 6], [15-18] and [20]. 

Lemma 3.4: If all solutions of the equation ��– �0��+ = 0		are bounded on [0,b) and�W���, �0) ∈ ��� �0, �) for some 

λ0ϵℂ, % = 1,… , �. Then all solutions of the equation��– ��)+ = 0	are also bounded on [0,b) for every complex number 

λϵℂ. 
Lemma 3.5: Suppose that for some complex number λ0ϵℂ all solutions of the equations in (3.11) are in ��� �0, �).	Suppose	 !��� �0, �),	 then all solutions of the equation (3.14) are in ��� �0, �)for all λϵℂ. 
Proof: Let	{����, �), ��	��, �), … , ����, �)},	{����Z, �), ����Z, �), … , ����Z, �)} be two sets of linearly independent solutions 



On Classifications for Solutions of IntegroQuasi-Differential Equations                                                                                                                            7 

 
www.iaset.us                                                                                                                                                                                                        editor@iaset.us 

of the equations (3.11). Then for any solutions φ�t,λ)of the equation ��– ��)� = � ��!ℂ) which may be written as 

follows �� − �0�)� = �� − �0)�� + �  and it follows from (3.15) that 

���, �) = ∑ ����)����, �0)��/� + �.V∑ ��W����, �0)��,W/� ? �W���, �0)A� [�� − �0)��Z, �) +  �Z)���Z)BZ,  (3.17) 

for some constants 	����), ����), … , ����)!ℂ. Hence  

|���, �)| = t �,����),,����, �0),��
�/� +t ,��W,,����, �0),�

�,W/�  

× ? �W���, �0)A� [|� − �0||��Z, �)| + | �Z)|���Z)BZ.       (3.18) 

Since		 !��� �0, �) and �W��. , �0)!��� �i, �)for some λ0ϵℂ, then�W��. , �0) !��� �i, �),	for some λ0ϵℂand % =1,… , �.		Setting  

{���) = ∑ ,��W, ? ��W���, �0)�H� | �Z)|��Z)BZ��,W/� ,			� = 1,2, … , �,     (3.19) 

then 

|���, �)| ≤ t �,����), + {���)� ,����, �0),�
�/�  

																					+	|� − �0| ∑ ,��W,,����, �0),��,W/� ? ��W���, �0)�H� |��Z, �)|| �Z)|��Z)BZ.   (3.20) 

On application of the Cauchy-Schwartz inequality to the integral in (3.18), we get 

|���, �)| ≤ t �,����), + {���)� ,����, �0),�
�/�  

+	|� − �0| ∑ ,��W,,����, �0),��,W/� �? ��W���, �0)��H� ��Z)BZ�MU �? |��Z, �)|���Z)BZH0 �MU.    (3.21) 

By using the inequality �+ + �)� ≤ 2�+� + ��), it follows that  

|���, �)|� ≤ 4t �{�� + ,����),�),����, �0),��
�/� + 	4|� − �0|� × 

∑ ,��W,�,����, �0),���,W/� �? ��W���, �0)��H� ��Z)BZ� �? |��Z, �)|���Z)BZH0 �.    (3.22) 

By hypothesis there exist positive constant 80 and8� such that 

�����, �0)� ¡U �0,H) ≤ 80and¢�W��Z, �0)¢ ¡U �0,H) ≤ 8�;		�, % = 1,2, … , �	.     (3.23) 

Hence 

|���, �)|� ≤ 4t �{�� + ,����),�),����, �0),��
�/�  

+		48��|� − �0|�∑ ,��W,�,����, �0),���,W/� �? |��Z, �)|���Z)BZH0 �.     (3.24) 

By integrating the inequality in (3.24) between 0	and 	�, we obtain 

? |��Z, �)|�A0 ��Z)BZ ≤ 8� + �4|� − �0|�∑ ,��W,���,W/� � ? ,����, �0),��? |��[, �)|���[)B[f0 �A0 ��Z)BZ, (3.25) 
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where 

8� = 480�∑ 	�{�� + ,����),�).�U£�/�          (3.26) 

Now, on using Gronwall, s inequality, it follows that 

? |��Z, �)|�A0 ��Z)BZ ≤ 8�	:[d �48��|� − �0|�∑ ,��W,���,W/� ? ,����, �0),�A0 ��Z)BZ�.   (3.27) 

Since, 	����, �0)!��� �i, �) for some λ0ϵℂand for� = 1,… , �,then φ��, �)!��� �0, �). 
Remark:Lemma 3.5 also holds if the function   is bounded on [0, �). 
Lemma 3.6: Let	 !��� �0, �). Suppose for some λ0ϵℂthat:  

�w)All solutions of ���– ��)	�� = 0  are in ��� �i, �). 
�ww)��[j���, �0), � = 1,… , �		are bounded on [0, b) for somen = 0, 1, … , � − 1. 

Then�[j���, �)!��� �0, �)for any solutionφ�t,λ) of the equation ��– ���� = � 	,		for all λϵℂ. 
Proof:The proof is the same up to (3.20). By using Lemma 3.2,(3.20) becomes, 

,�[j���, �), ≤ t �,����), + {���)� ���[j���, �0)��
�/� + |� − �0| 

× ∑ ∑ ,��W,���[j���, �0)��@�j/0��,W/� ? ��W���, �0)�H� ,�[j���, �)),��Z)BZ.   (3.28) 

On applying the Cauchy-Schwartz inequality to the integral in (3.28),we get 

,�[j���, �), ≤ t 	�{� + ,����),)���[j���, �0)��
�/� +	|� − �0|t t ,��W,���[j���, �0)��@�

j/0
�
�,W/�  

× �? ��W���, �0)��A0 ��Z)BZ�MU	 �? ,�[j���, �)),���Z)BZA0 �MU	,      (3.29) 

By using the inequality �+ + �)� ≤ 2�+� + ��),it follows that  

,�[j���, �),� ≤ 4t 	�{�� + ,����),�)���[j���, �0)���
�/� + 	4|� − �0|�t t ,��W,����[j���, �0)���@�

j/0
�
�,W/�  

× �? ��W���, �0)��A0 ��Z)BZ� �? ,�[j��Z, �),���Z)BZA0 �,	      (3.30) 

Since�W���, �0)!��� �0, �)for some �0 ∈ ℂ		and ��[j���, �0), � = 1,… , � are bounded on [0, b) for some		n = 0, 1, … , � − 1 by 

hypothesis, then there exist a positive constants80and8�such that 

���[j���, �0)� ≤ 80and¢�W��Z, �0)¢ ¡U �0,H) ≤ 8�.       (3.31) 

Hence,  

,�[j���, �),� ≤ 	480�t �{�� + ,����),���
�/� + 	480�8�|� − �0|� 

× ∑ ∑ ,��W,��@�j/0 �? ,�[j��Z, �),���Z)BZA0 ���,W/�  .       (3.32) 
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By integrating the inequality in (3.32) between 0	and		�, and by using Lemma2.3 (Gronwall, s inequality),we have the 

result. 

4. Boundedness and		¥¦§ − ¨©ª«¬­©®¯ 
In this section, we shall consider the question of determining conditions under which all solutions of the equation 

(1.3) are bounded and��� − bounded. 

Suppose there exist non-negative continuous functions %��) and ℎ��)on[0, �), 0 < � ≤ ∞; such that 

,
[�, 
, 
[��, … , 
[��, ��
)�, ≤ %��) + ℎ��)∑ ,��
)
[.�,σ�./0 , � ∈ [0, �),      (4.1) 

forsome σϵ[0,1�, −∞ < 
[.� < ∞,		for each 	w = 0,1, … , � − 1;see [1 - 6] and [15]. 

Theorem 4.1: Suppose that the function 
 satisfies (4.1) with σ = 1, �j��) ∪ ����) ⊂ �∞�0, �) for some n = 0,1, … , � −1, for some �0 ∈ ℂand that  

�w)%��) ∈ ��� �0, �)for all 	� ∈ [0. �), 
�ww)ℎ.��) ∈ ��� �0, �)for all 	� ∈ [0. �),			w = 0,1, … , � − 1. 

Then�[j���, �), n = 0,1, … , � − 1		are bounded on [0, �) for any solutions		���, �) of the equation (1.3), for 

all� ∈ ℂ. 
Proof: Note that (4.1) and Lemma 3.6 implies that all solutions are defined on [0, b),	see [1-6], [15] and [20, Chapter 3]. 

Let {����, �0), ��	��, �0), … , ����, �0)},	{����Z, �0), ����Z, �0), … , ����Z, �0)}	be two sets of linearly independent solutions 

of the equations (3.11) respectively, and let ���, �) be any solution of the equation (1.3) on [0, �), then by Lemma 3.2, we 

have 

�[j���, �) = t ����)��[j���, �0) +�
�/�

1w� �� − �0)t ��W��[j���, �0)�
�,W/�  

× ? �W��Z, �0)A� 
[�, 
, 
[��, … , 
[��, �����))���Z)BZ,for	n = 0,1, … , � − 1.      (4.2) 

Hence  

,�[j���, �), ≤ t ,����),���[j���, �0)��
�/� +	|� − �0|t ,��W,���[j���, �0)��

�,W/� D ��W��Z, �0)�A
�  

× ? ��W��Z, �0)� [%�Z) + ∑ ℎ.�Z),����Z))�[.�,�@�./0 �A0 ��Z)BZ, n = 0,1, … , � − 1.    (4.3) 

Since %�Z) ∈ ��� �0, �) and �W��Z, �0), % = 1,2, … , �		are bounded on [0, �) for some �0 ∈ ℂ, we have �W��Z, �0)%�Z) ∈ ��� �0, �), % = 1,2, … , �		for some �0 ∈ ℂ.Setting 

{� = |� − �0| ∑ ,��W,��,W/� ? �W���, �0)A� %�Z)��Z)BZ,					� = 1,2, … , �.       (4.4) 

Then by (2.3) 

,�[j���, �), ≤ t 	�{� + ,����),)���[j���, �0)��
�/� +	 1|1 − +| |� − �0|t t ,��W,���[j���, �0)��@�

./0
�
�,W/�  

× ? ��W���, �0)�A0 ℎ.�Z),�[.��Z, �),��Z)BZ,			n = 0,1, … , � − 1.        (4.5) 
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By hypothesis, there exist a positive constants 	80 and8� such that  

���[j���, �0)� ≤ 80and|�W���, �0)| ≤ 8�for all	� ∈ [0, �); 				�, % = 1,… , �, n = 0,1, … , � − 1.  

Hence, by summing both sides of(4.5) from	n = 0to� − 1,we get  

t ,�[j���, �),�@�
j/0 ≤ �� − 1)80t �{� + ,����),��

�/� +	�� − 1)808�|� − �0|t ,��W,�
�,W/�  

× ? �²i[0³.³��@�)ℎ.�Z)� �∑ ,�[.��Z, �),�@�./0 ���Z)B[.A0          (4.6) 

On applying Gronwall, s inequality to (4.6) and by using (ii), we deduce that∑ ,�[j���, �),�@�j/�  is finite and hence 

the result.  

Remark: From [3, Section 3] and [4], � and�[�� ∈ ��� �0, �) implies that�[j���, �) ∈ ��� �0, �) for any solution ���, �)of 

the equation (1.3) for all � ∈ ℂ, n = 1,… , � − 1, 1 ≤ � ≤ � − 1. 
Theorem 4.2: Suppose that the function		
 satisfies (4.1) with σ = 1, �j��) ∪ ����) ⊂ ��� �0, �), for some �0 ∈ ℂ and 

some n = 0,1, … , � − 1, and that  

�w)%��) ∈ ��� �0, �)for all� ∈ [0. �), 
�ww)ℎ.��) ∈ ��� �0, �)for all� ∈ [0. �),				w = 0,1,2, … , � − 1.	 

Then�[j���, �) ∈ ��� �0, �), n = 0,1, … , � − 1	for any solutions ���, �) of the equation (1.3), for all� ∈ ℂ. 
Proof: Applying the Cauchy-Schwartz inequality to the integral in (4.5) we get, 

,�[j���, �), ≤ t 	�{� + ,����),)���[j���, �0)��
�/� +	 1|1 − +| |� − �0|t t ,��W,���[j���, �0)��@�

./0
�
�,W/�  

× �? ��W���, �0)��A0 |ℎ.�Z)|��Z)BZ�MU	 �? |ℎ.�Z)|,�[.��Z, �),���Z)BZA0 �MU	 , n = 0,1, … , � − 1.    (4.7) 

 Since�W���, �0)!��� �0, �),for some �0 ∈ ℂ and ℎ.��) ∈ �∞�0, �) by hypothesis, 

then�W���, �0)|ℎ.��)|MU!��� �0, �), % = 1,2, … , �, w = 0,1, … , � − 1.			Let,  

Ẃ. = µD ��W���, �0)��A
0 |ℎ.�Z)|��Z)BZ¶

MU	 , a��) = t 	�{� + ,����),���[j���, �0)��
�/�  

and 

·��) = 1|1 − +| |� − �0|t t ,��W,���[j���, �0)��@�
./0 .�

�,W/�  

From Lemma 2.5 we have 

,�[j���, �), ≤ h��) 	+ 		·��) �? 2h��Z)A0 |ℎ.�Z)|:[de? 2·��[)|ℎ.�[)|��[)B[f0 g��Z)BZ�MU	
. 

Since? h��Z)A0 |ℎ.�Z)|��Z)BZand? ·��[)|ℎ.�[)|��[)B[f0 are both finite, we conclude that �[j���, �)is bounded by 

a linear combination of ��� �0, �) functions h��)and ·��).Therefore, by using Lemma 2.5,�[j���, �) ∈ ��� �0, �), n =
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0,1, . . . � − 1for all � ∈ ℂ. 
Remark:If we use the Cauchy-Schwartz inequality for the integral in (4.5) as:  

D ��W���, �0)�A
0 |ℎ.�Z)|,�[.��Z, �),��Z)BZ ≤ µD ��W��Z, �0)��A

0 |ℎ.�Z)|���Z)BZ¶
MU	 µD ,�[.��Z, �),���Z)BZA

0 ¶MU	, 
w = 0,1, … , � − 1,	we also get the result. We refer to [1 - 3] for more details.  

Corollary 4.3: Suppose that|
��, 
��), ��
))| = %��) + ℎ��)|��
)|, �j��) ∪ ����) ⊂ ��� �0, �) for some �0 ∈ ℂ,and 

thatℎ��)!��̧�0, �) for some d ≥ 2, � ∈ [0, �). Then �[j���, �) ∈ ��� �0, �) for any solutions ���, �) of the equation (1.3), 

for all� ∈ ℂand alln = 0,1, … , � − 1. 
Corollary 4.4: Suppose that for some λ0ϵℂ, if all solutions of the equations [��u = �0�+		and[���v = �0��		are in the 

space ��� �0, �)for some�0 ∈ ℂ and %��) ∈ ��� �0, �).	Then all solutions of the equations [�– ���� = �% are in the 

space��� �0, �)for every complex number λϵℂ. 
Next, for considering (4.1) with0	 ≤ _ < 1,we have the following. 

Theorem 4.5: Suppose that 
 satisfies (4.1) with0	 ≤ _ < 1,�j��) ∪ ����) ⊂ ��� �0, �) for some �0 ∈ ℂ and somen =0,1, … , � − 1,	and that  

�w)%��) ∈ ��� �0, �)for all� ∈ [0, �), 
�ww)			ℎ.��) ∈ ��� ��@()⁄ �0, �)forall	� ∈ [0, �),			w = 0,1, … , � − 1.	 

Then�[j���, �) ∈ ��� �0, �), n = 0,1, … , � − 1		for any solutions ���, �) of the equation (1.3),for all� ∈ ℂ. 
Proof: For0	 ≤ _ < 1, the proof is the same up to (4.5). In this case (4.5) becomes  

,�[j���, �), ≤ t 	�{� + ,����),)���[j���, �0)��
�/� +	 1|1 − +| |� − �0|t t ,��W,���[j���, �0)��@�

./�
�
�,W/�  

× ? ��W���, �0)�A0 ℎ.�Z),�[.��Z, �),(��Z)BZ,					n = 0,1, … , � − 1.       (4.8) 

On applying the Cauchy-Schwartz inequality to the integral in (4.8) we get  

? ��W���, �0)�A0 |ℎ.�Z)|,�[.��Z, �),(��Z)BZ ≤ �? ��W��Z, �0)��A0 |ℎ.�Z)|º��Z)BZ�M» �? ,�[.��Z, �),���Z)BZA0 �Ù	,                  (4.9) 

where¼ = 2 �2 − _).⁄ Since�W���, �0) ∈ ��� �0, �) for some �0 ∈ ℂ, % = 1,2, … , � and ℎ.�Z)!��� ��@().⁄ �0, �) by hypothesis, 

then we have�W��Z, �0)|ℎ.�Z)| ∈ ��º �0, �), for	some	�0 ∈ ℂ,			% = 1,2,… , �.Using this fact and (4.9), we obtain 

,�[j���, �), ≤ t 	�{� + ,����),)���[j���, �0)��
�/� +	 1|1 − +|80|� − �0|t t ,��W,���[j���, �0)��@�

./0
�
�,W/�  

× �? ,�[.��Z, �),���Z)BZA0 �Ù	 ,				n = 0,1, … , � − 1.       (4.10) 

where80 =	‖�W���, �0)ℎ��)‖º,‖. ‖º denotes the norm in ��º �0, �).By using the inequality 

�+ + �)� ≤ 2�+� + ��),          (4.11) 
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implies that  

,�[j���, �),� ≤ 4t �{�� + ,����),�� ���[j���, �0)���
�/� +	 1�1 − +)� 480�|� − �0|�t t ,��W,����[j���, �0)���@�

./�
�
�,W/�  

× �? ,�[.��Z, �),���Z)BZA0 �` ,			n = 0,1, … , � − 1.	       (4.12) 

Setting8� = ? ���[j���, �0)����Z)BZA0 for some �0 ∈ ℂand some n = 0,… , � − 1;		and integrating (4.12) we obtain 

D ,�[j���, �),���Z)BZA
0 ≤ 8� +	 1�1 − +)� 480�|� − �0|�t t ,��W,�D ���[j��Z, �0)�A

0
��@�

./0
�
�,W/�  

× Q�? ,�[.��[, �),���[)B[f0 �`T ��Z)BZ,	        (4.13) 

where8� = 4∑ �{�� + ,����),��8���/� . 

An application of Lemma 2.4 to (4.12) for 0	 ≤ _ < 1 and of Gronwall, s inequality to (4.13) for _ = 1yields the 

result. 

Theorem 4.6: Suppose that 
 satisfies (4.1) with0	 ≤ _ < 1, �j��) ∪ ����) ⊂ ��� �0, �) ∩ �∞�0, �), for some �0 ∈ ℂ and 

some n = 0,1, … , � − 1,and that  

�w)%��) ∈ ��� �0, �)for all � ∈ [0, �), 
�ww)ℎ.��) ∈ ��̧�0, �)forsome d, 1	 ≤ d ≤ 2 �1 − _)⁄ , w = 0,1, … , � − 1. Then�[j���, �) ∈ ��� �0, �) ∩ �∞�0, �),		 
n = 0,1, … , � − 1		for any solution ���, �) of the equation (1.3),  for all � ∈ ℂ. 

Proof: Since �j��) ∪ ����) ⊂ ��� �0, �)for some �0 ∈ ℂ and somen = 0,1, … , � − 1,		then ��[j���, �0), 	�W��Z, �0) ∈��À �0, �), �, % = 1,… , �for every Á ≥ 2	and for some �0 ∈ ℂand somen = 0,1, … , � − 1. 
First, suppose that ℎ.��) ∈ ��̧�0, �)for somed, 1	 ≤ d ≤ 	2.		Setting 

80 =	¢��[j���, �0)¢
∞

and			8� =	‖	�W���, �0)‖∞;�, % = 1, … , �, 
for some �0 ∈ ℂand somen = 0,1, … , � − 1,we have from (4.8) that  

,�[j���, �), ≤ 80t 	�{� + ,����),) + 1|1 − +|808�|� − �0|�
�/�  

× �∑ ∑ ,��W,�@�./0��,W/� ? ℎ.�Z),�[.��Z, �),(��Z)BZA0 �.       (4.14) 

Sinceℎ.��) ∈ ��̧�0, �) for  some d, 1	 ≤ d ≤ 2,then Lemma 2.2 together with Gronwall, s inequality implies that �[j���, �) ∈ �Ã�0, �)	 for all  � ∈ 	ℂ,		i.e., there exists a positive constant 8Äsuch that 

,�[j���, �), ≤ 8Ä	for all � ∈ 	ℂ, � ∈ [0, �),			n = 0,1, … , � − 1.      (4.15) 

From (4.8) and (4.15) we obtain  

,�[j���, �), ≤ t �{� + ,����), + 	8Ä����[j���, �0)��
�/�  
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for any appropriate constant 8Ä. Since ��[j���, �0) ∈ ��� �0, �) for some �0 ∈ ℂ and some 

n = 0,1, … , � − 1,		then�[j���, �) ∈ ��̧�0, �)for all � ∈ ℂ	, 1 ≤ d ≤ 2.Next, suppose that ℎ.��) ∈ ��̧�0, �) for some 

d, 2 < d ≤ 2 �1 − _)⁄ , w = 0, 1, … , � − 1.  Define 	Á ≥ 2  by �À = �@(� − �̧
. 

(which is possible because of the restriction on d). Thus ��[j��Z, �0), 	�W���, �0) ∈ ��À �0, �)	and 	�W���, �0)ℎ��) ∈��º �0, �), ¼ = 2 �2 − _)⁄ . 

Repeating the same argument in the proof of Theorem 4.5 and from (4.9) to (4.13), we obtain that�[j���, �) ∈��� �0, �). Returning to (4.9), we find that the integral on the left-hand side is bounded, which implies, by (4.8) that  

,�[j���, �), ≤ t �{� + ,����), + 	8Ä����[j���, �0)��
�/�  

for an appropriate constant 8Ä. Since ��[j���, �0) ∈ �Ã�0, �),		this completes the proof.  We refer to [1 - 6] and [15] 

for more details. 

ACKNOWLEDGEMENT  

I am grateful to the Public Authority of Applied Education and Training (PAAET) and KFASin Kuwait for 

supporting and funding the scientific researches ((BE-15-10) and (P116-14SM-02)) and encouragement the researchers. 

4. REFERENCES 

1. J.S.W. Wong. Square integrable solutions of perturbed linear differential equations, Proc. Royal Soc. of 

Edinburgh, 73A (1974/75), pp. 251-254. 

2. Zettl. Square integrable solutions of�
 =  ��, 
), Proc. Amer. Math. Soc.26 (1970), pp. 635-639. 

3. Zettl. Perturbation of the Limit circle case, Quart. J. Math. Oxford, 26, No.3 (1975), pp. 355-360. 

4. W.N. Everitt. The number of integrable-square solutions of products of differential expressions, Proc. of the Royal 

Soc. of Edinburgh, 76A (1977), pp. 215-226. 

5. S.E. Ibrahim. Boundedness for solutions of general ordinary quasi-differential equations, Journal of the Egyptian 

Mathematical Society, 2 (1994), pp. 33-44. 

6. S.E. Ibrahim. On ��� − quasi derivatives for solutions of perturbed general quasi- differential equations; Czech. 

Math. J., 49 (124) (1999, ) Praha, pp. 877-890. 

7. G. K. Watugala, “Sumudu transform: a new integral transformto solve differential equations and control 

engineering problems” International Journal of Mathematical Education in Science and Technology, vol. 24, no.1 

(1993), pp. 35–43. 

8. G. K. Watugala, “Sumudu transform—a new integral transform to solve differential equations and control 

engineering problems, “Mathematical Engineering in Industry, vol. 6, no. 4 (1998), pp.319–329,  

9. G. K. Watugala, “The Sumudu transform for functions of two variables” Mathematical Engineering in Industry, 

vol. 8, No. 4 (2002),pp. 293–302. 



14                                                                                                                                                                                   Sobhy El-Sayed Ibrahim 

 
Impact Factor (JCC): 4.9784                                                                                                                                                                        NAAS Rating 3.45 

10. Weerakoon, S. Complex inversion formula for Sumudu transforms. Int. J. Math. Educ. Sci. Technol. 29(4) (1998): 

pp. 618-621. 

11. M. A. Asiru, Sumudu transform and the solution of integral equations of convolution type, International Journal 

of Mathematical Education in Science and Technology 32(2001), No. 6, pp. 906–910. 

12. M. A. Asiru,, Further properties of the Sumudu transform and its applications, International Journal of 

Mathematical Education in Science and Technology 33(2002), No. 3, pp. 441–449. 

13. Asiru, M. A. Application of the Sumudu transform to discrete dynamic systems, International Journal of 

Mathematical Education in Science and Technology, 34(6)(2003), pp.944-949. 

14. S. T. Demiray, H. Bulut and F. B.M. Belgacem. Sumudu Transform Method for Analytical Solutions of Fractional 

Type Ordinary Differential Equations, Mathematical Problems in Engineering 2015 (2015): pp. 1-6 ·  

15. S.E. Ibrahim. On the boundedness of solutions for products of quasi-integro-differential equations; IJMMS, 

No.10,Vol.16 (2003), pp. 639-659. 

16. E.H. Yang. On Asymptotic behaviour of certain second order integro-differential equations, Proc. Amer. Math. 

Soc. 90 (1984), pp. 271-276. 

17. E.H.Yang. Asymptotic behaviour of certain second order integro-differential equations, J. Math. Anal. Appl.,106 

(1985), pp. 132-139. 

18 Zettl. Formally self-adjoint quasi-differential operators, Rocky Mountain Journal of Mathematics, 5 (1975), pp. 

453-474. 

19 19 W.N. Everitt and D. Race. Some remarks on linear ordinary quasi-differential expressions, Proc. London 

Math.  

20 Soc., 54, No.3 (1987), pp. 300-320. 

21 D.E. Edmunds and W.D. Evans. Spectral theory and differential operators, Oxford University Press (1987). 

22 R.P. Agarwal. A note on Grace and Lalli, s paper, J. Math. Anal. Appl., 86(1982), pp. 471-475. 

23 S.R. Grace and B.S. Lalli. Asymptotic behaviour of certain second order integro-differential equations, J. Math. 

Anal. 76 (1980), pp. 84-90. 

 

 

 


